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Ïñéóìüò ÐñïâëÞìáôïò (ÌïíôÝëï)

I Äõáäéêü ÄÝíäñï Åýñåóçò T

I n êüìâïé-óôïé÷åßá 1; 2; : : : ;n (óõììåôñéêÞ äéÜôáîç)

I ó: áêïëïõèßá m áéôÞóåùí êÜðïéùí óôïé÷åßùí ôïõ Ô

I costj (êüóôïò áßôçóçò j åíüò óôïé÷åßïõ i) = d(i) (âÜèïò
ôïõ êüìâïõ i óôï T )

I Áõèáßñåôïõ ðëÞèïõò åðáíáæõãéóôéêÝò ðñÜîåéò óôï Ô ìåôÜ
áðü êÜèå áßôçóç ìå óôáèåñü êüóôïò

I Êüóôïò Áëãïñßèìïõ: costalgorithmA
=

∑m

j=1
costj

I online áëãüñéèìïò - Üãíùóôç ó, o�ine áëãüñéèìïò -
ãíùóôÞ ó

I Competitive Ratio: costonline(ó) ≤ CR · costo�ine(ó) + k

I Competitive Ratio c: c-competitive
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Ìéá ðñþôç ëýóç

I ÏðïéïäÞðïôå ÉóïæõãéóìÝíï Äõáäéêü ÄÝíäñï Åýñåóçò T
åßíáé O(log n)-competitive

I Áõôïñõèìéæüìåíá ÄÝíäñá. Öõóéêüò áëãüñéèìïò: ìåôÜ áðü
ôçí éêáíïðïßçóç ìéáò áßôçóçò ôïõ óôïé÷åßïõ i ,
ìåôáêéíïýìå ôï i óôç ñßæá

I Åñþôçìá: ôé ðñÜîåéò èá ÷ñçóéìïðïéÞóåé ï áëãüñéèìïò ãéá
íá ìåôáêéíÞóåé Ýíá óôïé÷åßï óôç ñßæá;

I ÁðëÞ ëýóç: Ï áëãüñéèìïò move to root ìåôáêéíåß ôï
óôïé÷åßï ðïõ ðñïóðåëÜóôçêå óôç ñßæá åêôåëþíôáò ìéá
óåéñÜ áðü rotations
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Ìéá ðñþôç ëýóç (ÊÜôù ÖñÜãìá)
I ¸óôù ç áêïëïõèßá ók = 1; 2; : : : ;n óôï Ô
I ÌåôÜ ôéò ðñþôåò n áéôÞóåéò ôï Ô åêöõëßæåôáé óå Ýíá

áñéóôåñü ìïíïðÜôé.
I Óôç óõíÝ÷åéá êÜèå áßôçóç Ý÷åé êüóôïò n.

I move to root áëãüñéèìïò: amortized cost n ãéá ìåãÜëï k
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ÂÝëôéóôïò O�ine Áëãüñéèìïò
I ¸óôù ç áêïëïõèßá ók = 1; 2; : : : ;n óôï Ô

I Óå n − 1 rotations ï áëãüñéèìïò åêöõëßæåé ôï Ô óå Ýíá
äåîß ìïíïðÜôé.

I Óôç óõíÝ÷åéá êÜèå áßôçóç Ý÷åé êüóôïò 1.

I âÝëôéóôïò o�ine áëãüñéèìïò: amortized cost = 2− 1

n

I ÓõìðÝñáóìá: Ï áëãüñéèìïò move to root åßíáé
È(n)-competitive
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Splay Trees (Sleator êáé Tarjan [2])
I splay ðñÜîåéò: (a) zig, (b) zig-zig, (c) zig-zag

I splaying áëãüñéèìïò:
1. Åêôåëåß Ýíá øÜîéìï óôï äÝíäñï Ô ãéá ôï æçôïýìåíï

óôïé÷åßï i
2. ×ñçóéìïðïéþíôáò splay ðñÜîåéò áíåâÜæåé ôï i óôç ñßæá
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Âåëôßùóç ðñïçãïýìåíïõ ðáñáäåßãìáôïò
I H áêïëïõèßá ók = 1; 2; : : : ;n óôï Ô áí ôï T åßíáé splay

tree
I ÌåôÜ ôéò ðñþôåò n áéôÞóåéò ôï Ô åêöõëßæåôáé óå Ýíá

áñéóôåñü ìïíïðÜôé.
I ÁëëÜ ìåôÜ ôçí áßôçóç ôïõ 1 ôï splay äÝíäñï åßíáé ðéï

éóïññïðçìÝíï

Èåþñçìá

(Scanning [2, 3]): Óå Ýíá splay äÝíäñï n êüìâùí, ìéá
áêïëïõèßá n ðñïóðåëÜóåùí ðïõ ðñïóðåëáýíåé Ýíá äéáöïñåôéêü
óôïé÷åßï êÜèå öïñÜ ìå âÜóç ôç óõììåôñéêÞ äéÜôáîç Ý÷åé
óõíïëéêü ÷ñüíï ðñïóðÝëáóçò Ï(n).
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Access Lemma
Ïñéóìïß

I Óå êÜèå êüìâï i áíôéóôïé÷ßæïõìå Ýíá èåôéêü âÜñïò wi
I size : si =

∑
j∈Ti

wj
I rank : ri = log si
I óõíÜñôçóç äõíáìéêïý Ö =

∑
i∈T ri

ËÞììá

([2]) Ôï êüóôïò ôçò áßôçóçò óôïí êüìâï x åßíáé ôï ðïëý
3(rt − rx ) + 1 üðïõ t ç ñßæá ôïõ äÝíäñïõ.

ÓêéáãñÜöçóç Áðüäåéîçò

I öñÜóóïõìå ôï costj + Öj − Öj−1 ãéá êÜèå splay ðñÜîç
I ×ñçóéìïðïéïýìå

1. éäéüôçôåò ðïõ ðñïêýðôïõí áðü ôï ó÷Þìá ôùí ðñÜîåùí splay
2. éäéüôçôá ôùí ëïãáñßèìùí: maxx+y≤1

x ;y≥0

(log x + log y) = −2

I Óõíïëéêü êüóôïò ðñïóðÝëáóçò áêïëïõèßáò:∑m

j=1
costj +

∑n

i=1
log si −

∑n

i=1
logwi
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Balance Theorem

Èåþñçìá

([2]) Óå Ýíá splay äÝíäñï n êüìâùí, ìéá áêïëïõèßá m
ðñïóðåëÜóåùí Ý÷åé óõíïëéêü ÷ñüíï ðñïóðÝëáóçò
Ï((m + n) log n + m).

ÓêéáãñÜöçóç Áðüäåéîçò

I wi = 1=n Üñá W =
∑n

i=1
wi = 1

I êüóôïò ìéáò ðñïóðÝëáóçò:
3(rt − rx ) + 1 = 3 log W∑

i∈Tx wi

+ 1 = 3 log n + 1

I ìÝãéóôç ìåßùóç äõíáìéêïý:
log si − logwi ≤ log W

wi

≤ n log n

I óõíïëéêü êüóôïò:
m(3 log n + 1) + Öm − Ö0 = Ï((m + n) log n + m)
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Static Optimality Theorem

Èåþñçìá

([2]) Óå Ýíá splay äÝíäñï n êüìâùí, áí êÜèå êüìâïò i
ðñïóðåëáýíåôáé ôïõëÜ÷éóôïí ìéá öïñÜ ìå óõ÷íüôçôá f (i) ôüôå
ìéá áêïëïõèßá m ðñïóðåëÜóåùí Ý÷åé óõíïëéêü ÷ñüíï
ðñïóðÝëáóçò.

O
(
m +

∑n

i=1
f (i) log

(
m
f (i)

))
ÓêéáãñÜöçóç Áðüäåéîçò

I wi = f (i)=m Üñá W = 1

I êüóôïò ìéáò ðñïóðÝëáóçò: 3 log(m=f (i)) + 1

I ìÝãéóôç ìåßùóç äõíáìéêïý:
∑n

i=1
log m

f (i)

I óõíïëéêü êüóôïò:
∑n

i=1
3f (i) log m

f (i) +
∑n

i=1
log m

f (i) + m
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Static Finger Theorem

Èåþñçìá

([2]) Óå Ýíá splay äÝíäñï n êüìâùí, ìéá áêïëïõèßá m
ðñïóðåëÜóåùí i1; i2; : : : ; im , üðïõ Ý÷ïõìå áñéèìÞóåé ôá
óôïé÷åßá áðü 1 ìÝ÷ñé n ìå âÜóç ôç óõììåôñéêÞ äéÜôáîç êáé s
Ýíá óôáèåñü óôïé÷åßï, Ý÷åé óõíïëéêü ÷ñüíï ðñïóðÝëáóçò

O(n log n + m +
∑m

k=1
log(|ik − s|+ 1))

ÓêéáãñÜöçóç Áðüäåéîçò

I s Ýíá óôáèåñü óôïé÷åßï

I wi = 1

(|i−s|+1)2 Üñá

W =
∑n

i=1

1

((|i−s|+1)2 ≤ 2
∑∞

k=1

1

k2
= O(1)

I êüóôïò k ðñïóðÝëáóçò: 6 log(|ik − s|+ 1) + 1

I ìÝãéóôç ìåßùóç äõíáìéêïý: 2
∑n

i=1
log n = 2n log n áöïý

wi ≤ 1=n2



Áõôïñõèìéæüìåíá
ÄõáäéêÜ ÄÝíäñá

ÁíáæÞôçóçò

Âçóóáñßùí
Öõóéêüðïõëïò

Ïñéóìüò ÐñïâëÞìáôïò

Ìéá ðñþôç ëýóç

ÂÝëôéóôïò O�ine
Áëãüñéèìïò

Splay Trees

Access Lemma (¢íù
ÖñÜãìá)

Balance Theorem

Static Optimality
Theorem

Static Finger Theorem

Working Set Theorem

Éäéüôçôåò Splay Tree

Deque

Dynamic Finger

ÁíïéêôÜ ÐñïâëÞìáôá

ÁíáöïñÝò

ÔÝëïò

Working Set Theorem (1)

Áñ÷éêÜ êÜðïéïé ïñéóìïß...

I ¸óôù 1; : : : ;m áéôÞóåéò

I j áßôçóç, óôïé÷åßï i

I t(j )= ðëÞèïò äéáöïñåôéêþí óôïé÷åßùí ðïõ
ðñïóðåëÜóôçêáí óôï ÷ñïíéêü äéÜóôçìá ìåôáîý ôùí 2
ôåëåõôáßùí ðñïóðåëÜóåùí ôïõ óôïé÷åßïõ i

I ð.÷. ãéá ôçí áêïëïõèßá 1; 3; 2; 4; 3; 5; 6; : : :
t(7) = 5 êáé t(5) = 2

Èåþñçìá

([2]) Óå Ýíá splay äÝíäñï n êüìâùí, ìéá áêïëïõèßá m
ðñïóðåëÜóåùí üðïõ Ý÷ïõìå áñéèìÞóåé ôá óôïé÷åßá áðü 1 ìÝ÷ñé
n ìå âÜóç ôç óõììåôñéêÞ äéÜôáîç Ý÷åé óõíïëéêü ÷ñüíï
ðñïóðÝëáóçò

O(n log n + m +
∑m

j=1
log(t(j ) + 1))
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Working Set Theorem (2)

ÓêéáãñÜöçóç Áðüäåéîçò

I âÜñç: 1; 1
4
; 1
9
; : : : ; 1

k2
; : : : ; 1

n2

I ðéï ðñüóöáôá ðñïóðåëÜóéìïò êüìâïò âÜñïò 1
I ¸óôù j áßôçóç, i óôïé÷åßï, áíáêáôáôÜîåéò óôá âÜñç ùò

åîÞò:
I w ′

k = 1√
1
w
k

+1
ãéá êÜèå êüìâï k ðïõ wk > wi

I wi = 1

I Ãéá êÜèå êüìâï i
I si =

∑n

i=1
1=i2, áí i ñßæá

I si ìåéþíåôáé Þ ðáñáìÝíåé óôáèåñü, áí i åóùôåñéêüò
êüìâïò

I ÓõìðÝñáóìá: ïé áíáêáôáôÜîåéò óôá âÜñç ìåéþíïõí Þ
äéáôçñïýí óôáèåñü ôï äõíáìéêü
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Working Set Theorem (3)

ÓêéáãñÜöçóç Áðüäåéîçò

(óõíÝ÷åéá...)

I W =
∑n

i=1
1=k2 = O(1)

I Üñá wi = 1

(t(j )+1)2

I óõíïëéêü êüóôïò ôùí ðñïóðåëÜóåùí

O(
m∑
j=1

log(t(j ) + 1))

I ìåßùóç äõíáìéêïý åßíáé ôï ðïëý

n∑
i=1

log
W

wi
=

n∑
i=1

log(t(j ) + 1)2 = O(n log n)
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Éäéüôçôåò Splay Tree

1. ÉóïæõãéóìÝíï Äõáäéêü ÄÝíäñï ÁíáæÞôçóçò

[Balance Theorem]

2. ÂÝëôéóôï Óôáôéêü Äõáäéêü ÄÝíäñï (èåùñßá ðëçñïöïñßáò)

[Static Optimality Theorem]

3. Finger ÄÝíäñï ÁíáæÞôçóçò

[Static Finger Theorem]

I Finger ÄÝíäñï ÁíáæÞôçóçò: áíáæÞôçóç åíüò óôïé÷åßïõ
ðïõ áðÝ÷åé áðüóôáóç d áðü ôçí áñ÷Þ Þ ôï ôÝëïò ôçò
ëßóôáò ãßíåôáé óå ÷ñüíï Ï(log d).

4. ×ñüíïò ÐñïóðÝëáóçò Óôïé÷åßïõ i = log(1+workingset(i))

[Working Set Theorem]

I working set(i) = ðëÞèïò äéáöïñåôéêþí óôïé÷åßùí ðïõ
ðñïóðåëÜóôçêáí áðü ôçí ôåëåõôáßá ðñïóðÝëáóç ôïõ i

I ¼ôáí Ýíá óôïé÷åßï ðñïóðåëáóôåß ôï êüóôïò ôçò åðüìåíçò
ðñïóðÝëáóçò ôïõ áõîÜíåé ëïãáñéèìéêÜ ìå ôï ðëÞèïò ôùí
äéáöïñåôéêþí óôïé÷åßùí ðïõ ðñïóðåëáýíïíôáé
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Deque (1)

I Deque (äéðëÞ ïõñÜ)

I i èÝóç ïõñÜò=i óôïé÷åßï Ô(óõììåôñéêÞ äéÜôáîç)

I ðñÜîåéò deque : PUSH, POP, INJECT, EJECT

POP Åöáñìüæïõìå splay ðñÜîåéò óôï ðéï áñéóôåñü
öýëëï ôïõ Ô êáé ôïí áöáéñïýìå áðü ôï Ô.

PUSH Ï êüìâïò ðïõ åéóÜãåôáé ãßíåôáé ç íÝá ñßæá ôïõ
Ô ìå áñéóôåñü ðáéäß êåíü êáé äåîß ðáéäß ôçí
ðáëéÜ ñßæá.
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Deque (2)

Åéêáóßá
(Deque [4]) Ôï êüóôïò ôçò åêôÝëåóçò ìéáò áêïëïõèßáò m
ðñÜîåùí äéðëÞò ïõñÜò óå Ýíá ïðïéïäÞðïôå äõáäéêü äÝíäñï n
êüìâùí ÷ñçóéìïðïéþíôáò splay ðñÜîåéò åßíáé Ï(m + n).

Èåþñçìá

(Restricted Deque[4]) Ìéá áêïëïõèßá m ïðïéùíäÞðïôå
ðñÜîåùí POP, PUSH êáé INJECT óå ìéá äéðëÞ ïõñÜ
õëïðïéçìÝíç ìå Ýíá splay äÝíäñï ðïõ ðåñéÝ÷åé áñ÷éêÜ n
êüìâïõò Ý÷åé óõíïëéêü ÷ñüíï åêôÝëåóçò O(n + m).
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Dynamic Finger

Ï Cole óôï [1] áðïäåéêíýåé ìéá áðï ôéò 3 åéêáóßåò ôïõ [2]

Èåþñçìá

(Dynamic Finger [2]) Óå Ýíá splay äÝíäñï n êüìâùí, ìéá
áêïëïõèßá m ðñïóðåëÜóåùí Ý÷åé óõíïëéêü ÷ñüíï ðñïóðÝëáóçò

O(m + n +
∑m−1

j=1
log(|ij+1 − ij |+ 1))

üðïõ ij ôï óôïé÷åßï i ∈ [1;m] ðïõ ðñïóðåëáýíåôáé êáôÜ ôçí j
áßôçóç.
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ÁíïéêôÜ ÐñïâëÞìáôá

Åéêáóßá
(Dynamic Optimality [2]) Ôï splay äÝíäñï åßíáé Ý÷åé ëüãï
áíôáãùíéóìïý Ï(1).

Åéêáóßá
(Traversal [2]) ¸óôù Ô1, Ô2 äýï äõáäéêÜ äÝíäñá áíáæÞôçóçò
ìå n áêñéâþò ßäéïõò êüìâïõò ôï êáèÝíá. ¸óôù üôé
ðñïóðåëáýíïõìå ôïõò êüìâïõò ôïõ Ô1 ìå âÜóç ôçí ðñïäéÜôáîç
ôïõò óôï Ô2, êáé åöáñìüæïõìå óå áõôïýò ôéò splay ðñÜîåéò
ôüôå ï óõíïëéêüò ÷ñüíïò ðñïóðÝëáóçò åßíáé Ï(n).
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ÁíáöïñÝò
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30:44{85, 2000.
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